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We introduce the concept of Berry’s phase in Josephson junctions and consider how this geometric phase
arises due to applied oscillating electric fields and affects Cooper-pair tunneling across the Josephson junction
barrier. A finite Berry’s phase can be detected by its renormalization of the electric field amplitude. This has
implications for the designing of accurate Josephson junction microwave detectors.
I. INTRODUCTION
The Berry’s phase1 is responsible for a wide class of exotic
physics ranging from condensed-matter physics and optics to
high-energy and particle physics, fluid mechanics to gravity
and cosmology.2 Here, we consider Berry’s phase to Cooper
pair Tunneling in Josephson junctions. We show that, a tun-
neling Cooper pair under the influence of an oscillating elec-
tric field can polarize the surface of a tunnel barrier between
two superconductors (Josephson junction) leading to topolog-
ical quasi-particles. These quasi-particles are responsible for
an additional phase of topological origin – Berry’s phase. The
Berry’s phase is responsible for the renormalization of the am-
plitude of the electric field absorbed by the junction.
We set the Swihart velocity,3 Planck’s constant and Boltz-
mann constant to unity throughout the paper: c¯ = ~ = kB = 1.
II. BERRY’S PHASE
A. Adiabatic Evolution
When the wavefunction of a quantum system under-
goes adiabatic4 evolution satisfying the time-dependent
Schro¨dinger equation,
i
∂
∂t
|ψ(t)〉 = E(t)|ψ(t)〉, (1)
the adiabatic wavefunction |ψ(t)〉 and the Berry’s phase1 γ(s)
are given by
|ψ(s)〉 = exp
[
−i
∫ s
0
dt E(t) + iγ(s)
]
|ψ(~λ)〉, (2)
γ(s) = i
∫ s
0
dt 〈ψ(~λ)|
∂
∂t
|ψ(~λ)〉, (3)
respectively where the wavefunction 〈ψ(~λ)|ψ(~λ)〉 = 1 is nor-
malized. The Berry’s phase γ is observable when it is gauge
invariant – this is the case when the wave function |ψ[~λ(t)]〉
depends on time via a parameter ~λ(t) and s = T is the period
of the adiabatic evolution ~λ(t + T ) = ~λ(t),
γ(T ) = i
∫ s=T
0
dt 〈ψ(~λ)|
∂
∂t
|ψ(~λ)〉 = i
∮
d~λ · 〈ψ(~λ)|
∂
∂~λ
|ψ(~λ)〉
=
∮
d~λ · ~Γ =
∫
dA~n ·
(
∂
∂~λ
× ~Γ
)
=
∫
dA~n · ~B, (4)
~Γ = i〈ψ(~λ)| ∂
∂~λ
|ψ(~λ)〉 is the Berry’s connection, ~B = ∂
∂~λ
× ~Γ the
Berry’s curvature and ~n is the unit vector normal to a surface
A in parameter space ~λ.
B. Quantum Phase Dynamics of a Josephson Junction and
Aharonov-Bohm Phase
The quantum phase dynamics for the large Josephson
junction5,6 is given by,
eV ≡
∂φ
∂t
= 2edeff~n · ~E, (5a)
~∇φ = 2edeff~n × ~B, (5b)
~n · ~J = 2eEJ sin φ, (5c)
where e is the electric charge, deff is the effective thickness of
the tunnel barrier, ~n is a unit vector normal to the tunnel bar-
rier, ~∇ = (∂/∂x, ∂/∂y, ∂/∂z) and ~E, ~B are the electric and mag-
netic fields respectively which satisfy Maxwell’s equations,
~∇ × ~B =
~J
ε0εr
+
∂ ~E
∂t
. (5d)
The quantum phase φ and thus the vector potential ~A will
vary slowly along the ~n = (1, ~0~n) direction (For simplicity, we
assume the junction is oriented in the x direction). In this case,
the quantum phase and electromagnetic fields have generic so-
lutions,
φ = −2e
∫ deff
0
dx~n · ~A = −2edeffAx, (6a)
−
∂Ax
∂t
= Ex,
∂Ax
∂y
= −Bz,
∂Ax
∂z
= By. (6b)
Combining eq. (5) with eq. (5d) leads to the Sine–Gordon
equation,
∂2φ
∂t2
− ~∇2
~n
φ = −
~n · ~J
ε0εr
= −ω2p sin φ, (6c)
where ~∇~n = (0, ∂/∂y, ∂/∂z) and ωp = [(2e)
2deffEJ/ε0εr]
1/2 is
the Josephson plasma frequency. However, the solution of φ
is not unique since another solution can be obtained by the
2re-definition,
φ′ = −2e
∫
C,deff
d~x · ~A
= −2e
∫ deff
0
dx Ax − 2e
∮
C
(dy Ay + dz Az)
= φ + 2e
∫
A
dydz
(
∂
∂z
Ay −
∂
∂y
Az
)
= φ − 2e
∫
A
dydz Bx, (6d)
where Bx = ~n · ~∇×~A,A is the cross-sectional area of the tunnel
barrier and φ′ − φ is the Aharonov-Bohm phase.7 The condi-
tion that γAB is undetectable by solely measuring the Joseph-
son current ~n · ~J = 2eEJ sin φ is
2e
2π
∫
dydz Bx = k ∈ Z. The
tunneling surfaceA appears to carry k magnetic charges each
carrying a flux quantum, 2π/2e.
C. The Quasi-Particle Model
1. Renormalization of Oscillating Electric Fields
Since the 2 dimensional surface of the tunnel barrier acts as
a capacitor plate that can store charges, a tunneling Cooper–
pair across the barrier and oscillating electromagnetic fields
can lead to polarized charges as the capacitor microstates
(microscopic degrees of freedom). Consequently, this intro-
duces quantum electro-dynamics in 1+2 dimensions.(See Ap-
pendix)
Consider the total Hamiltonian H = E(t)+Uint of the Junc-
tion including a single quasi-particle of fractional charge 2e/k
and magnetic moment ~µ interacting adiabatically with an os-
cillating electric field,
H(t) =
(~P − 2ek−1 ~Aac + ~E × ~µ)2
2M
− 2eV −
∂γ
∂t
. (7a)
Here, M, ~P is the mass and momentum of the quasi-particle,
~E × ~µ is the Aharonov-Casher potential8 acquired by the
quasi-particle when it moves around tunneling charges with
~µ = −igM−1(2ek−1)~n a fictitious imaginary magnetic moment
where g = βM is the g − factor and β the inverse tempera-
ture, and−∂γ/∂t ≡ Uint is the quasi-particle interaction energy
(written in terms of an action γ) to be determined.
Under adiabatic evolution due to an oscillating voltage
V(t) = Vdc + Vac cos(Ωt), the total quantum phase φ∑ of the
quasi-particle wavefunction is given by,
φ∑(s) = −
∫ s
0
dt H(t) = −
∫ s
0
dt E(t) + γ(s). (7b)
Since the capacitor couples only to oscillating potentials,
the gauge invariant kinetic term in eq. (7) will only depend
on the time dependent Aacx vector potential, −∂A
ac
x /∂t = E
ac
x =
d−1
eff
Vac cosΩt. Assuming these quasi-particles are topological,
the kinetic energy term vanishes9 leading to
~P = 2ek−1 ~Aac
~n
+ ~µ × ~E~n (8)
E(t) = 2eV(t) = 2eVdc + 2eVac cosΩt = −
∂φ
∂t
. (9)
Provided the amplitude 2eVac is small compared to Uint, large
energy fluctuations are suppressed while the total wave func-
tion of the junction |ψ(~x~n)〉 undergoes adiabatic evolution lead-
ing to,
γ(s) = i
∫ s=2π/Ω
0
dt 〈ψ[~x(t)]|
∂
∂t
|ψ[~x(t)]〉
= i
∫
deff ,C
d~x · 〈ψ(x)|~∇|ψ(x)〉
= −
∫ deff
0
dx Px −
∮
C
d~x · ~P~n
= −2ek−1deffA
ac
x −
∮
C
d~x · ~P~n. (10a)
Consequently, we find,
∮
C
d~x · ~P~n =
2e
k
∮
C
(dy Aacy + dz A
ac
z )
+
2e
k
iβ
∮
C
(dy Ez − dz Ey) = γ
ac
AB + γAC
=
2e
k
∫
dydx Bacx +
2e
k
iβ
∫
dydz ~∇~n · ~E~n. (10b)
Note that because of the term 2ek−1deffA
ac
x = k
−1φac in eq.
(10a), the ac voltage is renormalized,
φ∑(s) = −
∫ s
0
dt E′(t) − γacAB − γAC, (11a)
E′(t) = 2eVdc + 2eΞVac cos(Ωt), (11b)
where γac
AB
= − 2e
k
∫
dydx Bacx = 2π is the Aharonov–Bohm
phase, γAC = −
2e
k
iβ
∫
dydz ~∇~n · ~E~n the Aharonov–Casher
phase and Ξ = (1 − k−1).7,8
2. Quasi-particle Thermodynamics and Wavefunction
Renormalization
Since it takes k quasi-particles to constitute charge 2e, this
renormalization factor 1 − k−1 depends on the thermal av-
erage 〈k〉 at finite temperature. For bosonic quasi-particles,
their average number, 〈k〉 ≡ 〈bb†〉 = [1 − exp(−βM)]−1 where
E ≡ 2M ≥ 0 is the minimum energy required to excite a pair
of charged quasi-particles from the vacuum. This leads to a
renormalization factor ΞB = 1 − 〈k〉−1 = exp(−βM). On the
other hand, fermionic quasi-particles lead to 〈k〉 ≡ 〈cc†〉 =
[1 + exp−βM]−1 where ΞF = − exp(−βM).
Thus, we can rewrite this renormalization factor as Ξ ≡
exp(−βM) exp iβωm where ω
B
m = β
−12mπ or ωFm = β
−1(2m +
31)π is the bosonic or fermionicMatsubara frequency10 respec-
tively and m ∈ Z. Moreover, we are motivated to introduce a
Coulomb interaction11 on the y − z plane,
~∇~n · ~E~n ≡
k∑
j=1
M − iωm
2e
δ 2(~r − ~r j), (12a)
γAC = k
−12eiβ
∫
dydz ~∇~n · ~E~n = iβM + βωm, (12b)
where ~r j = (y
′, z′) is the co-ordinate location of the jth quasi-
particle on the y− z plane. This leads to a wavefunction renor-
malization (Lehmann) factor12,13
ψk−1 → ψk = Ξψk−1, (13a)
when γAC , 0 is finite. Thus, Ξ = 〈ψk−1|ψk〉 is the prob-
ability amplitude of exciting the ground state of 〈k〉 − 1 =
[exp(βM) ± 1]−1 quasi-particles with a wavefunction ψk−1 by
creating an extra quasi-particle leading to 〈k〉 quasi-particles
with a modified wavefunction ψk. By iteration, we arrive at
eq. (13b) and the partition function
ψk = Ξψk−1 · · ·ψk= 0 = Ξ
kψk = 0, (13b)
〈k〉 =
+∞∑
k=0
Ξk ≡
+∞∑
k=0
ρkk, (13c)
where we have defined a partition function ρk = Ξ
k/k =
±k−1 exp(−βkM). This yields a quasi-particle free-energy
F = −β−1 ln |ρk| = β
−1S + kM as expected where S = ln k
is the Boltzmann entropy.
3. Fraction of Absorbed Electric Energy Density
Since the junction absorbs electromagnetic energy through
this process (ψk−1 → ψk), we note that due to eq. (11b), the
Boltzmann factor exp(−β2M) = |〈ψk|ψk−1〉|
2 is the fraction of
the electric energy absorbed by the junction. This means that
it renormalizes the electromagnetic Lagrangian density of the
time-varying periodic potential,
L∗
ac
M =
ε0εr
4
exp(−β2M)E2x + · · · . (14a)
The reverse (ψk → ψk−1) relaxation process with V(t) = Vdc
in eq. (7) is accompanied by radiation emission and will lead
only to the term 〈k〉−1Vac cosΩt. Similar arguments yield a
factor of 〈k〉−1 in the Lagrangian.
In particular, introducing the Riemann–Silberstein vector
(photon wavefunction)14,15 ~Ψ = k−1 ~E + 2iα~B for this process
satisfies the vacuum Maxwell’s equations, i∂~Ψ/∂t = ~∇ × ~Ψ,
the action to order α is given by
S ac =
ε0εr
4
∫
d 4x ~Ψ · ~Ψ
=
ε0εr
4
∫
d 4x
(
k−2 ~E · ~E − 4iα~E · ~B − 4α2~B · ~B
)
≃
ε0εr
4k2
∫
d 4x ~E · ~E +
(2e)2
4πk
i
∫
d 4x ~E · ~B − O(α2), (14b)
FIG. 1. Josephson junction (JJ) equivalent circuit: it yields the sim-
plest response function χ(t) = (1/RC) exp(−t/RC) with Ξ(Ω) =
[1 + iΩRC]−1.
where α = (2e)2/4πε0εr is the fine structure constant,
(2e)2
4πk
i
∫
d 4x ~E · ~B = (2e)
2
4πk
∫
dsdydz εµνσAµ∂νAσ = S CS is a
Chern–Simons (topological) term with dτ = −idt and k ∈ Z
the level.16–18 This suggests that the photon acquires a topo-
logical mass ∝ k−1 when these quasi-particles are present. The
significance of S CS, γAC and γAB is further discussed in the
Appendix.
III. DISCUSSION
The aforementioned renormalization can be discussed
within the context of linear response theory.19 Renormaliza-
tion requires that the applied electric field Ex(t) act as an ex-
ternal force, while the renormalized electric field E′x(t) as the
linear response of the circuit,
E′x(t) =
∫ t
0
χ(t − s)Ex(t)ds, (15a)
where E′x(ω) = Ξ(ω)Ex(ω), Ex(ω) = d
−1
eff
Vac
1
2
[δ(ω−Ω)+δ(ω+
Ω)] is the spectrum of the electric field and χ(t − s) is the
response function, making Ξ(ω) =
∫ +∞
0
χ(t) exp(−iωt)dt the
susceptibility. Thus, the renormalized electric field spectrum
is given by
E′x(ω) = d
−1
effVacΞ(ω)[δ(ω −Ω) + δ(ω + Ω)], (16a)
Ξ(ω) = |Ξ(ω)| exp(iβωm). (16b)
For instance, in the equivalent circuit of the Josephson junc-
tion (JJ) depicted in Fig. 1, the response function becomes
χ(t) = (1/RC) exp(−t/RC) with Ξ(Ω) = [1 + iΩCR]−120 and
RC the relaxation time of the circuit. Since the Matsubara fre-
quency in this case is given by ωm = mπ = arctan(ΩRC),
we discover that the oscillation period of the electric field
2πΩ−1 ≡ T ≫ 2πRC has to satisfy the slow (adiabatic)4 con-
dition required for the existence of the Berry’s phase. In con-
clusion, we have described a model where topological quasi-
particles created by an oscillating electric field applied to the
tunnel junction renormalizes the amplitude of the electric field
via Berry’s phase. Since Berry’s phase γ(T ) neither depends
on By nor Bz, renormalization will be present even in ultra-
small junctions (By = Bz = 0) exhibiting dynamical Coulomb
blockade,20–22 as long as the junction responds linearly as dis-
cussed. Hence, the insights herein are particularly useful in
improving the accuracy of JJ microwave detectors.23
4Special thanks to Prof. Titus Masese for discussing and proofreading this manuscript.
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Appendix A: Chern-Simons theory
We can further discuss the significance of γAB and γAC by
introducing the Chern–Simons action,17
S CS =
2e
2πk
∫
dtdydz
(
2e
2
εµνσAµ∂νAσ − j
µAµ
)
,
where εµνσ is the Levi-Civita symbol in 1 + 2 dimensions.
Since the tunnel barrier acts as a capacitor that can store quasi-
particles of charge 2e/k on its surface, a tunneling Cooper–
pair will lead to a net topological current in the y− z direction.
(Repeated Greek indices are summed over as per Einstein’s
Summation Convention)
For instance, a Chern-Simons term (a mass for the
photon17) can arise by introducing an effective quantum
electrodynamics,18
exp i [SM ± S CS] ∼∫ k∏
n=1
D[ψ¯n, ψn, a] exp i
∫
d 4x
[
−
ε0εr
4
f 2µν
]
×
exp i
∫
dtdydz
[
ψ¯n(i/∂ − 2e/a − M)ψn −
2e
2π
jµaµ
]
where SM = −
ε0εr
4
∫
d 4x (∂µAν − ∂µAν)
2 is the Maxwell ac-
tion, fµν = (∂µAν − ∂µAν + αεµνσρ∂σaρ)
2 is the Cabbibo-
Ferrari tensor24 with α = (2e)2/4πε0εr the fine-structure con-
stant and α2 ≃ 0. We assume the current takes the form
jµ ≡ (ρ,−β−1~∇~n ln ρ/ρ0) ≡ (ρ, ρ~v×~n) and satisfies the normal-
ization condition
∫
dydz ρ = 2πk to ensure that after varying
S CS with respect to Aµ,
δS CS → 2eε
µνσ∂νAσ = j
ν → 2eBx = ρ,
2eEz = β
−1ρ−1
∂ρ
∂y
, 2eEz = −β
−1ρ−1
∂ρ
∂z
, (A1)
we have 1
2π
∫
dydz ρ = 2e
2π
∫
dydz Bx = k ∈ Z. Here, the su-
perscript – ac – has been dropped for convenience. Thus, the
charge density ρ is the source of the magnetic field Bx respon-
sible for γAB.
Moreover, since eq. (A1) guarantees the continuity equa-
tion ∂µ j
µ = 0, we can introduce 1) the diffusion equation,
0 = ∂µ j
µ →
∂ρ
∂t
= ~∇~n · (D~∇~nρ),
2) entropy S = ln ρ/ρ0 and 3) work done δW = β
−1δS 25 by
the quasi-particle which need not vanish over a closed path C,
iγAC =
∮
C
δW =
∮
C
δ ln ρ/ρ0 = 2eβ
∮
C
(dy Ez − dz Ey),
where D = β−1ρ−1 is the diffusion coefficient satisfying the
Einstein-Smoluchowski relation with ρ−1 playing the role of
mobility. By inspection, it is clear that eq. (A1) solves the
Euler–Langevin equation26,27 below,
0 =
dp
dt
= −β−1~∇S − 2e( ~E ·~n)~n + 2e(~B ·~n)(~v × ~n) + ~η,
〈ηi(t)η j(s)〉 = ρδi jβ
−1δ(t − s),
with the Gaussian noise ~η = 0 and −β−1∂S/∂x = 2eEx an en-
tropic force in the x direction. This result suggests a connec-
tion between charged fluid (thermo)dynamics and Maxwell-
Chern-Simons theories.
